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ABSTRACT

Dirichlet fundamental domains for cyclic groups of complex hyperbolic isometries were considered by Phillips in 1992 and Parker in 1995. Phillips showed that when the generator is either a hyperbolic or an unipotent parabolic map the Dirichlet domain has precisely two faces for all choices of base point. Parker showed that if the generator is an ellipto-parabolic map, then the Dirichlet domain has either two faces or infinitely many faces, if respectively, the base point lies or doesn’t lie on the axis of this generator. The case of a group generated by an elliptic element of finite order is still open problem.

In 1999, Goldman extends the definition of isometric circles in the hyperbolic plane to complex hyperbolic space and proved that the isometric sphere of g is a vertical spinal sphere. Kamyia (2000) has proved that for any discrete group G of complex hyperbolic isometries, the exterior F(G) of all isometric spheres of elements of G is a fundamental domain for G, called Ford fundamental domain  for G.

The aim of this work is to caracterize the combinatorial structure of Ford fundamental domains for cyclic groups of complex hiperbolic isometries, proving the results bellow, each followed by a little comment. The group of  holomorphic complex hyperbolic isometries is denoted by PU(2,1).

Theorem 1 Let G be the cyclic group generated by a regular elliptic element g of PU(2,1), g(q)(q, of finite order n>2, leaving invariant an R-circle.

1. If q lies on an axis of g, then F(G) has precisely two faces: the isometric spheres of g and of its inverse.

2. If q does not lie on either axis of g, then F(G) has 2 + 2(n-3) = 2n – 1 faces: two of tem are the isometric spheres of g and of its inverse and each other isometric sphere gives two more faces.

In the case of order n = 2, F(G) has always one face, the isometric sphere of g.


Elliptic elements like above may be described as a product of inversions in two complex lines that intersect under angle 2(/n at a point in HnC. Using this caracterization, we proved Theorem 1 in the case of orders n = 3 and n = 4.

Theorem 2 Let G be the cyclic group generated by a ellipto-parabolic element g of PU(2,1), g(q)(q.

1. If q lies on the axis of g, then F(G) has precisely two faces: the isometric spheres of g and of its inverse.

2. If q does not lie on the axis of g, then F(G) has infinitely many faces.
This theorem were proved thanks to an analysis similar of Parker’s on Dirichlet domains. But here we have completely described the cycles of sides (codimension 1 faces) around edges.

We also show that the isometric spheres that do not contain any face of the Ford domain arise when the rotacional part of g is of finite order and are precisely the powers of the unipotent element gn. 

Theorem 3 Let G be the cyclic group generated by a loxodromic element g of PU(2,1) , g(q)(q.

1. If g is hyperbolic, or if the isometric spheres of g and of its invese are disjoint, then F(G) has always two faces.

2. If g is not hyperbolic, then F(G) has precisely two faces when q lies on the axis of g and more than two faces otherwise.

This theorem is already proved and we are trying to answer the question if there exists a cyclic group generated by a loxodromic element whose Ford domain has a prescribed number of faces.
